We calculate a sheaf line in CP 3 which is the real line supporting sheaf points on CP 3 of SL(2, C) Yang-Mills instanton (or SU (2) complex Yang-Mills instanton) sheaves for some given ADHM data we obtained previously. We found that this sheaf line is indeed a special jumping line over S 4 spacetime. In addition, we calculate the singularity structure of the connection A and the field strength F at the corresponding singular point on S 4 of this sheaf line. We found that the order of singularity at the singular point on S 4 associated with the sheaf line in CP 3 is higher than those of other singular points associated with normal jumping lines. We conjecture that this is a general feature for sheaf lines among jumping lines. * Electronic address:
I. INTRODUCTION
The discovery of classical Yang-Mills (YM) instanton began in 1975 [1] [2] [3] [4] . In a few years, the complete instanton solutions with 8k − 3 moduli parameters for each k-th homotopy class were solved by ADHM [5] in 1978 using theory in algebraic geometry. By using the feature for sheaf lines among jumping lines.
One unexpected result we obtained in our search of the sheaf lines was the great simplification of the calculation of v in Eq.(4.85) and the corresponding connection A and the field strength F associated with the sheaf ADHM data. In fact, we will see that for this sheaf ADHM data the explicit form of SL(2, C) YM 2-instanton field strength without removable singularities can be exactly calculated! This paper is organizd as following. In section two, we briefly review the construction of YM instanton sheaves calculated in [13] . In section three, we introduce Plücker coordinate to calculate jumping lines and sheaf lines of YM 2-instanton sheaves calculated in [13] . A duality symmetry among YM instanton sheaf solutions was pointed out with application to the known sheaf solutions. In section four, we calculate the singularity structure of connection and field strength on S 4 spacetime associated with jumping lines and sheaf lines of YM instanton sheaf. An explicit SL(2, C) YM 2-instanton field strength will be exactly calculated. The calculable exact 2-instanton field strength is believed to be related to the 2-instanton sheaf structure. A conclusion is presented in section five.
II. THE SL(2, C) YANG-MILLS TWO INSTANTON SHEAVES
In this section, we briefly review the biquaternion construction of SL(2, C) ADHM instantons [12, 13] . We will pay attention to the existence of jumping lines and sheaf structures of YM 2-instanton sheaves [12] [13] [14] .
A. The Biquaternion construction of SL(2, C) ADHM instantons
In the biquaternion construction of SL(2, C) ADHM instanton, the quadratic condition on the biquaternion matrix ∆(x) of SL(2, C) instantons reads ∆(x) ⊛ ∆(x) = f −1 = symmetric, non-singular k × k matrix for x / ∈ J (2.1)
where for x ∈ J, det ∆(x) ⊛ ∆(x) = 0.
2)
The set J is called singular locus or "jumping lines". There are no singular locus for SU (2) instantons on S 4 . The biconjugation [15] of a biquaternion z = z µ e µ , z µ ∈ C, (2.3)
is defined to be z ⊛ = z µ e † µ = z 0 e 0 − z 1 e 1 − z 2 e 2 − z 3 e 3 = x † + y † i. The norm square of a biquarternion is defined to be 6) which is a complex number in general.
As a simple example, for the case of SL(2, C) diagonal CFTW 2-instanton
where in the ADHM data λ j a complex number, and y j a biquaternion.
One can calculate the gauge potential as [12] A To get the non-removable singularities or jumping lines, it turned out that one needs to calculate zeros of the normalization factor φ or [12] |x − y 1 | For the SL(2, C) CFTW general k-instanton case, one encounters intersections of zeros of P 2k (x) and P 2k−1 (x) polynomials with degrees 2k and 2k − 1 respectively
One notes that Eq.(2.12) can be written as
which gives the jumping lines of the SL(2, C) diagonal CFTW 2-instanton. It was shown that [13] there is no sheaf line structure for the SL(2, C) diagonal CFTW k-instanton. The complete jumping lines of ADHM 2-instanton and 3-instanton of Eq.(2.2) were calculated in [12] . However, the existence of sheaf lines was not known and not calculated there. We will calculate and identify some sheaf lines of the SL(2, C) ADHM 2-instanton in the next section.
B. The SL(2, C) complex ADHM equations
The second method to construct SL(2, C) ADHM data is to solve the complex ADHM equations [24] [ In this approach, one key step is to use the explicit matrix representation (EMR) [13] of the biquaternion and do the rearrangement rule [13] to explicitly identify the complex ADHM data (B lm , I m, J m ) with l, m = 1, 2 from the ∆(x) matrix in Eq.(2.1).
As an explicit example and for illustration, we calculate the SL(2, C) CFTW 2-instanton case. In the EMR, a biquaternion can be written as a 2 × 2 complex matrix
where a µ and b µ are real and imaginary parts of z µ respectively. For the CFTW 2-instanton 
where in Eq.(2.18) we have done the rearrangement rule for an element z ij in a
The EMR and the rearrangement rule for a ⊛ can be similarly performed.
For the SU(2) ADHM instantons, one imposes the conditions
to recover the real ADHM equations
C. The monad construction and YM 2-instanton sheaves
The third method to construct SL(2, C) ADHM instanton is the monad construction.
This method is particular suitable for constructing instanton sheaves. One introduces the α and β matrices as functions of homogeneous coordinates z, w, x, y of CP 3 and defines In the monad construction of the holomorphic vector bundles, either β is not surjective or α is not injective at some points of CP 3 for some ADHM data, the dimension of (Ker β/ Im α) varies from point to point on CP 3 , and one encounters "instanton sheaves" on CP So α is not injective there and the dimension of (Ker β/ Im α) is not a constant over CP 3 .
The first example of YM instanton sheaf discovered in [13] 
α is not injective.
III. JUMPING LINES AND SHEAF LINES OF INSTANTON SHEAVES
In the previous section, we have obtained sheaf points on CP 3 with some examples of given ADHM data. One natural issue arised then is to study how to identify the corresponding points on S 4 and calculate the singularity structure of the connection A and the field strength F on these points. The latter issue will be studied in the next section. In this secton, we first define and calculate the sheaf line, or the real line which connecting the sheaf point on CP 3 and the corresponding singular point on S 4 and see whether the sheaf line is a jumping line or not.
In our previous publication [13] , we have shown that there is no sheaf line structure for the SL(2, C) diagonal CFTW k-instanton. On the other hand, the complete jumping lines of ADHM 2-instanton and 3-instanton of Eq.(2.2) were calculated in section IV D. of [12] .
However, the existence of sheaf lines was not known and not calculated there. In this section, we will calculate and identify some sheaf line of the SL(2, C) ADHM 2-instanton. The σ map can be defined as following. Let π be the projection of the fibration from CP
where HP 1 is the quaternion projective space. We can parametrize the projection π as
where j ≡ e 2 is a unit quaternion defined in Eq.(2.4). The σ map in Eq.(3.30) can then be written as
It can be shown that the σ map preserves real lines as illustrated in Eq.(3.30) or
In fact (we use the notation (1, i, j, k) = (e 0 , e 1 , e 2 , e 3 )) In Eq.(3.35), x 0 and x 1 are the real part and imaginary part of the complex number x =
which proves Eq.(3.34).
With the σ map introduced in the previous subsection, we can show an important duality symmetry [25] among instanton sheaf solutions. In [18] , it was noted that given a set of Recall that in the monad construction of instanton bundle, if either α is not injective or β is not surjective, then the dimension of (Ker β/ Im α) may vary from point to point on CP 3 , and one is led to use sheaf description for YM instantons or "instanton sheaves" on CP 3 .
The costable conditions in Eq.(2.24a) to Eq.(2.24c) or
imply α is not injective. another choice is
or the stable condition [18] zB + 11 + wB and at the new point Note that a bundle E on CP 3 can descend down to a bundle over S 4 if and only if no fiber of the twistor fibration is a jumping line for E. This is the case for SU(2) instanton and thus there are no jumping lines on E and no singular points on S 4 spacetime. 
It is straightforward to calculate the product map 
The result is 
where
is fixed by the quadratic relations in Eq. One can easily see that 
where in the last step of the above calculation, we have used the identifications in Eq. 
or, in the language of quaternion projective space in Eq.(3.31),
D. Properties of the Sheaf line as Jumping line
For the YM 2-instanton data obtained in the last section
we can calculate the singular points on S 4 associated with the jumping line. The two delta matrices can be written as
and their product can be calculated to be We conclude that
gives the singular locus on S 4 . One important observation is that for the special singular Another interesting observation is that the location of the sheaf point x µ = (0, 0, 0, 0) seems reasonable since it is exactly the geometrical center of "positions" y 11 and y 22 of the 2-instantons in the ADHM data [13] Finally, to understand the change of dimensionality of vector bundles at the sheaf points, we can calculate the ranks of α and β for a given ADHM data at the sheaf points. For the ADHM data in Eq.(3.64), 
We can also calculate α and β with ADHM data in Eq. 
In all cases of sheaf points, we find that dim(Kerβ/ Im α) = 5 − 1 = 4.
IV. SINGULARITY STRUCTURE OF A AND F ASSOCIATED WITH SHEAF LINE
In the previous section, we showed that all sheaf lines are jumping lines. What makes sheaf lines different from the normal jumping lines on S 4 spacetime? In this section, we will show that the order of singularity of the connection A and the field strength F at the singular point on S 4 associated with sheaf line in CP 3 is higher than those of other singular points associated with normal jumping lines.
A. Singularity structure of connection
In the explicit calculation of SU(2) instanton connections, one needs to do a large gauge transformation to remove all the singularities on S 4 . This can be easily done for the case of 1-instanton. For the case of diagonal CFTW 2-instanton, see the choice of large gauge transformation function in [26] . For the SL(2, C) instanton connections, in addition to the removable singularities, there exist non-removable singularities [12] associated with jumping lines in CP 3 . For example, for the case of SL(2, C) diagonal CFTW 2-instanton, these non-removable singularities can be calculated from Eq.(2.12).
For the non-diagonal ADHM 2-instanton sheaves of the present case, we will use similar techanique and identify only non-removable singularities which containing the singularity structure associated with the sheaf line. The explicit form of the 2-instanton connection without removable suigularities will not be calculated. However, it is interesting to see that the explicit form of 2-instanton field strength without removable singularuties can be exactly calculated and will be given in the next subsection. We begin with the two delta matrices with ADHM data given in Eq.(3.64)
To calculate the connection, we need to first identify v vector which satisfies
which means
86)
from which one can solve v 2 and v 1 to be
Finally v and v ⊛ can be written as
respectively. The next step is to do the normalization condition
to extract the non-removable singular factor similar to Eq.(2.12). After some lengthy calculation, we end up with
So the normalization can be done by setting
and the normalized ν and ν ⊛ vector can be written as
The connection A can be written as respectively. We conclude that the non-removable singularities of the connection A occur at
which is the same with the singular locus calculated in Eq.(3.68).
B. Singularity structure of field strength
In this subsection, we go one step further to calculate the singularity structure of field strength F. It turns out that F without removable singularities is much more easier to calculate than A. The formula for the field strength of SL(2, C) ADHM instanton calculated in [12] was
where v and v ⊛ were given in Eq.(4.96) and Eq.(4.97) respectively, and other factors can be calculated to be , |x| , which surprisingly can be gauged away by preforming a large gauge transformation with simple gauge function in the quaternion form as following
We can see that the non-removable singular points occur in |x| Presumably, the simplification for the calculation of SL(2, C) YM 2-instanton field strength is also due to the existence of the sheaf line with associated one single singular point at x = (0, 0, 0, 0) on S 4 , instead of two removable singular points corresponding to two positions of SU(2) YM 2-instanton before doing a large gauge transformation [26] .
C. Order of Singularity at the Sheaf line
In the paragraph after Eq.(3.70), we have shown that all sheaf lines are special jumping lines. In this subsection we will first define the order of singularity of a jumping line including a sheaf line. We will then give a general prescription to calculate it. Recall that in the SL(2, C) ADHM construction, the jumping lines were defined by Eq.(2.1) and Eq.(2.2) which we reproduce in the following
Note that there are no jumping lines for the SU(2) YM instanton. For a given ADHM data, the field strength can be calculated to be (see the example given in Eq.(4.100) to
Eq.(4.104))
In the case of SU(2), v(x) (but not f ) in general contains "removable singularities" which can be gauged away by doing a "large gauge transformation" g [26]
For the case of SL(2, C) YM instantons, in addition to the "removable singularities" in v(x), f contains "non-removable singularities" which can not be gauged away and remain [12] . We define the order of singularity of a jumping line to be the singularity in f
where Cof means cofactor of a matrix. In the following we review [12] some explicit calcu-
1. The geometry of 1-instanton jumping lines
The complete jumping lines of the SL(2, C) 1-instanton can be described by ADHM data with 10 parameters y µ = p µ + iq µ and λ. To study these singularities, let the real part of λ 2 be c and imaginary part of λ 2 be d, we see that [12] det ∆(x)
which implies
where P 2 (x) and P 1 (x) are polynomials of 4 variables with degree 2 and 1 respectively. The geometry of the above singular structure was discussed in details in [12] . There is no sheaf line for SL(2, C) 1-instanton. On the other hand, the sheaf line is further constrained by another condition that α is not injective (or β is not surjective). So it seems to be reasonable to conjecture that in general the order of singularity of a sheaf line is higher than those of other normal jumping lines.
V. CONCLUSION
In this paper, we calculate a sheaf line in CP 3 which is a fiber line on S 4 spacetime supporting sheaf points on CP 3 of Yang-Mills instanton sheaves for some given ADHM data we obtained previously in [13] . We found that this sheaf line is a special jumping line over S 4 spacetime. Incidentally, we discover a duality symmetry among YM instanton sheaf solutions with dual ADHM data.
To understand the effect of sheaf line on S 4 spacetime, we calculate the singularity structure of the connection A and the field strength F at the corresponding singular point on S 4 of this sheaf line. We found that the order of singularity at the singular point on S 4 associated with the sheaf line in CP 3 is higher than those of other singular points associated with normal jumping lines. We conjecture that this is a general featue for sheaf lines among jumping lines.
One unexpected benefit we obtained in our search of the sheaf line was the great simplification of the calculation of v in Eq.(4.85) and the corresponding connection A and the field strength F in Eq.(4.100) associated with the sheaf ADHM data. In fact, we have seen that for the sheaf ADHM data the explicit form of SL(2, C) YM 2-instanton (or SU(2) complex YM 2-instanton) field strength without removable singularities can be exactly calculated!
To understand the mechanism of this simplification of the calculation of YM instanton, more explicit examples of sheaf lines will be helpful.
It will be important to calculate more examples of sheaf lines associated with YM instanton sheaves for instanton with higher topological charges. However, it was shown that there has no sheaf line structure for the SL(2, C) diagonal CFTW k-instanton [13] . To explicitly construct YM instanton sheaves, one needs to first work out explicitly non-diagonal ADHM k-instanton solutions which are in general difficult to calculate for k > 3.
Recently, some examples of YM instanton sheaves with topological charges 3 and 4 were discovered and explicitly constructed [14] . The sheaf lines over S 4 of these YM instanton sheaves with higher topological charges and the associated singular structures of A and F are currently under investigation.
